Abstract-A vehicle-to-vehicle (V2V) network is one type of mobile ad hoc network. Due to mobility, the topology in a V2V network is time-varying, which complicates the analysis and evaluation of network performance. In this paper, we model the network as geometric elements of lines and points and analyze the connectivity and capacity of the network using geometric probability. Under the assumption that n vehicles randomly arrive with a Poisson distribution, our analysis shows that the spatial distribution of vehicles within a given distance D, is uniform and that the average number of vehicles to be fully connected is approximately (1/a)(log (1/a) + log log (1/a) ) for a = R T / D, where R T is the maximum transmission range of a vehicle. When a random access scheme is adopted, only (1/2)(1 − e −2 )n of links comprised of two adjacent nodes are simultaneously activated, on average, so the expected network capacity increases in a way linearly proportional to (1/2)(1−e −2 ) as the number of vehicles increases. Through numerical studies and simulations, we verify the efficacy of our analytical results.
Between RSUs, not all vehicles can communicate with the RSUs in a single hop due to their limited transmission range. As a result, vehicles communicate with each other to exchange information via V2V communications. Since such communications do not have an infrastructure, data are delivered from one place to another in a multi-hop manner. For such vehicular networks, IEEE 802.11p, also known as wireless access in vehicular environment (WAVE), was proposed [5] . Since IEEE 802.11p is grounded in IEEE 802.11, the physical medium is shared with other communication nodes, and the carrier sense multiple access/collision avoidance (CSMA/CA) scheme is employed as a random access protocol.
Analyzing the performance of such networks involves nontrivial challenges due to the following two factors: random positions of vehicles and random links between vehicles. Temporal information on vehicles, such as inter-arrival times and velocities, can be measured at RSUs, but the spatial information on the vehicles between two adjacent RSUs is unknown, which is directly related to network connectivity. Due to vehicle mobility, vehicles are randomly located between RSUs, and the network topology changes with time. Hence, intervehicle distances may be greater than the transmission range, resulting in a disconnected vehicular network. Consequently, successful end-to-end communications in vehicular ad hoc networks (VANETs) depend on network connectivity, which impacts the main performance measures of a vehicular network, such as capacity and delay.
Even if all inter-vehicle distances are less than the transmission range (i.e., the vehicular network is topologically fully connected), data cannot be propagated immediately from source node to destination node in the network via the vehicles located in between them. A path from source node to destination node is composed of links, each of which is formed by an ordered pair of nodes (sender and receiver). Due to the random access scheme adopted by IEEE 802.11p, only a subset of links in the path is allowed to simultaneously activate. The random links as well as the network connectivity affect the throughput capacity and delay of the network.
In this paper, we consider a one-dimensional VANET formed on a unidirectional highway, addressing the following problems for performance analysis:
1) the spatial distribution of vehicles on the road between two adjacent RSUs 2) the geometric properties of the vehicular ad-hoc network 3) the probability that the vehicular ad-hoc network is fully connected 4) the capacity of the vehicular ad-hoc network In previous work, various aspects of connectivity in one-dimensional VANETs have been studied [6] [7] [8] [9] [10] [11] [12] . The connectivity of vehicular ad-hoc networks was theoretically analyzed in [7] [8] [9] [10] [11] [12] , but was studied by computer simulations in [6] . In [7] , the authors examined the connectivity characteristics related to clusters 1 (such as average intra-cluster spacing and average cluster size) 2 in sparse one-way VANETs using mobility patterns extracted from real-world empirical data. In [8] , the authors presented a comprehensive mobility model by considering the arrival and departure of nodes at predefined entry and exit points along a highway, and studied the average cluster size and the probability that the nodes form a single cluster. In [9] , the authors studied a way to improve the connectivity in a VANET by adding mobile base-stations, and analyzed the average connectivity distance and the average cluster size. In [10] , the author developed connectivity probability using a geometry-assisted analytical method. In [11] , the authors introduced an equivalent speed to account for various speeds across vehicles for use in connectivity analysis. In [12] , the connectivity of one-dimensional vehicular networks was analyzed with consideration of the fading channel.
While there have been extensive studies on connectivity in VANETs, the problem of characterizing network topology when the VANET is not fully connected has been underexplored. Specifically, statistics on the number of disconnected links has not been well understood, and as of yet, there is no analytic solution for these statistics. Whenever a VANET is not fully connected, the number of disconnected links can be different. That is, a disconnected VANET can have various degrees of disconnection or fragmentation. Such statistics on the number of disconnected links is important information in the design of a VANET that can provide reliable communications for vehicles. Recently, the use of Long Term Evolution (LTE) to support a VANET is under investigation by standardization groups [13] . Detailed knowledge on the degree of network disconnection also enables us to precisely estimate the required number of cluster heads or mobile relays that bridge vehicles in a VANET and eNodeBs under LTE [14] . This estimation in turn can help to allocate network resources in a more elaborate way for potential VANET-LTE interworking.
In this paper, we present an exact-form analysis of the number of disconnected links in a VANET in a unidirectional 1 Throughout this paper, a cluster refers to a set of nodes formed as follows. Any two adjacent nodes belong to the same cluster if their inter-node distance is shorter than a given transmission range; otherwise, the two nodes belong to different clusters. Accordingly, a VANET is composed of k ∈ {1, 2, . . .} clusters when there are (k − 1) disconnected links in the network. 2 The average cluster size denotes the expected number of nodes within a cluster.
highway environment. The main techniques in the previous work on connectivity analysis in VANETs rely on queueing theory or geometric-assisted analytical models. These techniques have mostly been developed to analyze the connection probability of a VANET, which is equivalent to the probability of having no disconnected links. Since the topology of a VANET is spatiotemporally correlated and highly dynamic in nature, analyzing the entire spectrum of the number of disconnected links requires handling a huge dimension of diversity across all random links. To handle this diversity, we model the network as geometric elements of lines and points, and we utilize another mathematical technique based on geometric probability and finite difference calculus. This technique enables us to fully characterize the number of disconnected links in terms of probability distribution, which includes the connection probability as one case. In detail, previous works have provided only the probability that there are no disconnected links in the network, whereas our analysis provides the probability distribution that the network has k disconnected links for all values of k, including k = 0. This result translates into the probability that the network is composed of (k + 1) clusters for each of k ∈ {0, 1, . . .}, from which we can obtain the average number of clusters.
Another important metric concerned with connectivity is traffic density (in vehicles per kilometer per lane) [15] . As the traffic density increases, the vehicular network is more likely to be fully connected. In this paper, we define critical network size to be the number of vehicles with which the vehicular network begins to be fully connected, and below which a link is disconnected. A similar notion can be found in percolation theory (the so-called percolation threshold [16] , [17] ) if we consider a vehicle as a circle where the radius equals the vehicle's transmission range. The critical network size represents a phase transition point in a VANET, since the connectivity of the VANET changes completely from a disconnected phase to a connected phase. In this paper, we present both the exact and asymptotic formulas for the average critical network size, and we analyze its behavior for various system parameters.
Our contributions in this paper are summarized as follows.
1) Based on the assumption that the arrival process of vehicles is Poisson, we show that the spatial distribution of vehicles between two adjacent RSUs is uniform. The average number of vehicles between two adjacent RSUs is linearly proportional to the vehicle arrival rate multiplied by E[V −1 ], where V is a random variable denoting the vehicle velocity. 2) We analyze the connectivity of a VANET between two adjacent RSUs in a unidirectional highway environment.
In particular, we first derive a closed-form expression for the probability distribution of the number of disconnected links. Using the distribution, we obtain the average number of clusters, as well as the probability that the VANET is fully connected. Our analysis shows the relationship between connectivity and the system parameters such as vehicle arrival rate, transmission range, and vehicle velocities.
3) We show that the average critical network size is approximately 1 a log 1 a + log log 1 a , where a is the ratio of the maximum transmission range of a vehicle to the distance between two adjacent RSUs. 4) We investigate the capacity of a one-dimensional VANET. We show that when network capacity is defined as the amount of data delivered in a network during a unit of time [18] [19] [20] , the network capacity is exactly expressed as 1 2 (1 − e −2 )n in an asymptotic regime, in contrast to n log n in two-dimensional random adhoc networks [18] , and (n) in one-or two-dimensional mobile ad-hoc networks [19] , [20] , where n is the number of nodes. The rest of this paper is organized as follows. In Section II, we describe the system model. In Section III, we study the spatial distribution of vehicles based on temporal distribution and velocity information of vehicles. In Sections IV and V, we analyze the connectivity and capacity of the network. In Section VI, we present numerical studies. Finally, we conclude the paper in Section VII.
II. SYSTEM MODEL AND ASSUMPTIONS
In this paper, we consider a segment of a unidirectional multi-lane highway that consists of two adjacent RSUs and N(t) vehicles between them at time t. Each vehicle is equipped with a communication device that has a maximum transmission range, R T , and can control its transmission power. The RSUs are spaced apart at distance D, which is much longer than transmission range R T . Thus, vehicles between the two RSUs can communicate with each other only in a multi-hop fashion without relying on a wired infrastructure.
In practice, the transmission range of an RSU is wider than that of a vehicle. However, if a vehicle is located farther away from an RSU than its transmission range, then the vehicle cannot bidirectionally communicate with the RSU. Hence, we assume that the RSUs also have maximum transmission range R T , enabling bidirectional communication between a vehicle and an RSU.
The topology of the VANET changes with time due to vehicle mobility. The vehicle mobility model used in this paper can be described in terms of vehicle arrival and velocity as follows. With regard to vehicle arrival, we assume that each vehicle arrives at the first RSU according to a Poisson process, as assumed in previous works [8] [9] [10] [11] [12] , [21] . Empirical studies from real freeway traffic data have shown that vehicle arrivals can be accurately approximated by a Poisson process, especially for a sparse traffic environment, such as night time periods and early mornings [7] . With regard to vehicle velocities, we assume that the speed of a vehicle is a random variable that is independent for each vehicle and follows a general probability distribution. Vehicles are assumed to freely overtake slower vehicles so that their velocities are not hindered by other vehicles. This assumption practically holds in sparse situations [21] or in free-flow phase in the traffic theory language [9] , [15] . For example, in the case of multi-lanes in rural areas, vehicle speeds are likely to be unaffected by the traffic. Hence, we assume that each vehicle drives at a constant speed of its own, which is chosen randomly, until reaching the second RSU.
Due to the time-varying topology, {N(t)} t ≥0 is a random process. For a fixed time t, suppose that n (∈ N∪{0}) vehicles are located between the two RSUs, i.e., N(t) = n. Throughout this paper, we count vehicles and RSUs together as nodes and label these n + 2 nodes as Node k (k = 0, 1, . . . , n + 1) in the vehicle driving direction, i.e., the first and the second RSUs are Nodes 0 and n + 1, respectively, and the n vehicles are Nodes 1 to n. Let d k (t) (∈ R) be the location of Node k along the direction of the highway 3 at time t. Without loss of generality, we set d 0 (t) = 0 and d n+1 (t) = D for all t. Then,
(
The spatial distribution of the n ordered random vector
) determines the state of each link between nodes and overall network connectivity. The link between Nodes k − 1 and k at time t is topologically either connected or disconnected, and becomes connected if the inter-node distance at time t is shorter than the maximum transmission range, as follows:
In addition, the vehicular network is topologically fully connected at time t if no link is disconnected at time t,
For such topological connectivity, we ignore interference from other transmissions, which may affect the physical link connectivity. A random access scheme is employed to establish a communication link between two nodes. We assume that nodes transfer data only to adjacent nodes, and each node can form at most a single link at a time. For example, if Node k communicates with Node k + 1 at time t, then Node k + 2 cannot form a link with Node k +1 at that time. A node can generally reach any node in its transmission range. However, in such a case, intermediate nodes between the two communicating nodes (the sender and the receiver) cannot communicate with each other due to collision at receivers, and as a result, the network capacity decreases [18] , [23] , [24] . Moreover, the greater transmission range induces more collisions at other communication links, and decreases network capacity. Hence, in this paper, a node with power control is assumed to establish a communication link with an adjacent node. We define that link between Nodes k and k + 1 as active at time t if Node k communicates with Node k + 1 at time t. Otherwise, the link between Nodes k and k + 1 is idle, even though Node k is topologically connected to Node k + 1 at time t. Since IEEE 802.11p provides multiple channels, nodes can communicate with their neighboring nodes without the hidden node problem or the exposed node problem [25] [26] [27] .
Under the above assumptions, in this paper, we first analyze the spatial distribution of vehicles on the road between two 3 A more precise expression for the location of Node k is
where y k (t) is the signed distance from a fixed point (e.g., an RSU) to Node k along a line perpendicular to the highway. It is shown that the effect of y k (t) on connectivity can be considered negligible in multi-lane highways for most practical cases, since the transmission range is R T 3.6 m that is the standard highway's lane width [15] , [22] . Hence, we express the location of Node k using d k (t). adjacent RSUs. Based on this spatial distribution, we next study the connectivity of a vehicular network from various aspects. We then derive the capacity of a vehicular network employing a random access scheme.
III. DISTRIBUTION OF VEHICLES
In this section, we determine the spatial distribution of vehicles on the road between two adjacent RSUs at a given time, based on the temporal distribution and velocity information of vehicles gathered at the RSUs. The trajectory of a vehicle created using time and space coordinates can be modeled as a straight line in a plane in R 2 if the vehicle drives at a constant speed and never leaves the road, as shown in Fig. 2 . In the figure, the horizontal axis and the vertical axis represent, respectively, time t and distance d of the vehicle from the first RSU.
The trajectory of vehicle i can be parameterized by (V i , t i ) and is expressed as
Here, the time intercept t i on the t-axis denotes the time when vehicle i passes the first RSU, and V i is the velocity of vehicle i . Since the arrival epochs {t i } i∈N form a Poisson process, and the velocities {V i } i∈N are independent and identically distributed across i , it follows that the spatial distribution of vehicles at any given time t is Poisson [28] , [29] . Also, its density, denoted by λ d , is determined as
where λ is the arrival rate of the vehicles, and F V (·) is the distribution function of velocity V . It means that the spatial density λ d of vehicles between two RSUs is the measured temporal density λ scaled by E[V −1 ]. As a consequence, the average number of vehicles between the RSUs is E[N(t)] = λ d D for any time t, and the probability mass function of N(t) is obtained by
Due to stationary and independent increments inherent in a Poisson process, the joint distribution of when N(t) = n can be described by a uniform distribution on the interval (0, D) [30] , as in Lemma 1.
Proof: Refer to [30] . The result in Lemma 1 implies that d k (t) has the same distribution as the kth smallest value among n independent random variables uniformly distributed on the interval (0, D). Therefore, if we are given the information on the number of vehicles between the RSUs at time t (say, N(t) = n), then we can infer that the n vehicles are uniformly distributed on the road.
IV. CONNECTIVITY OF A VANET
Based on spatial distribution analysis, we next analyze the connectivity of a VANET. Specifically, we derive the following four metrics in sequence: (i) the probability distribution of the number of disconnected links, (ii) the average number of clusters, (iii) the probability that the VANET is fully connected, and (iv) the average critical network size.
A. Probability Distribution of the Number of Disconnected Links
Since RSUs are evenly located, and the segments between two adjacent RSUs have identical statistics, we convert a line segment into a circle to remove edge effects as in [19] and [20] . 4 The detailed procedure is as follows. We first normalize the line segment in Fig. 1 by length D. We next transform the scaled line segment into a circle by attaching the first and the second RSUs, as shown in Fig. 3 . We then denote the RSU at the origin in Fig. 2 by zero on the circle and assign numbers from Node 0 clockwise.
Suppose that n (∈ N ∪ {0}) vehicles are located between the two RSUs at time t, i.e., N(t) = n. It then follows from Lemma 1 that the vehicles are located randomly on the circumference of the circle with a uniform distribution. In addition, there are n + 1 arcs on the circle, and the arc between Nodes k − 1 and k (i.e., the kth arc) on the circle corresponds to the kth link in the VANET and has the normalized arc length a k (t), defined as
Hence, the sum of all a k (t)s is one, i.e., In practice, the transmission ranges are not constant, but randomly distributed. Since the statistical properties of a constant transmission range case and a random transmission range case are similar when the number of nodes n is large [32] , we study the connectivity of a VANET under the assumption that the transmission range is constant. If arc length a k (t) is greater than the normalized transmission range a, then Nodes k − 1 and k are unable to communicate with each other. If such an event occurs, we say that the kth arc has a gap, which is also equivalent to having a topologically disconnected link between Nodes k − 1 and k in the vehicular network. When no gap occurs in any arc on the circle, the VANET is fully connected.
To facilitate our analysis, we first compute the probability g n (i ) (i = 1, 2, . . . , n + 1) that gaps occur in i specified arcs (namely, k 1 th, k 2 th, . . . , k i th arcs), whatever happens elsewhere; i.e.,
Due to circular symmetry, g n (1) is identical to the probability that the first arc has a gap, which is (1 − a) n since n vehicles are uniformly distributed on the circle by Lemma 1. Applying a similar argument, the probability g n (i ) is then derived as
where x is the largest integer not greater than x. We next compute the probabilityĝ n (i ) (i = 0, 1, . . . , n + 1) that exactly i gaps occur on the circle, wherever they happen, i.e.,
where 1 {·} is an indicator function. From the calculus of finite differences and the results in [33] and [34] , the probabilitŷ g n (i ) can be obtained bŷ
where n j is the number of ways of choosing j unordered outcomes from n possibilities. In this paper, we adopt the convention that n j = 0 when j > n or j < 0. Combining equations (4) and (6), we have the following theorem on the distribution of the number of disconnected links.
Theorem 1: Given that N(t) = n, the probability that there are i disconnected links in the network iŝ
where i = 0, 1, . . . , n + 1. Proof: From (4), we have
Suppose first that a −1 − i < 0. Then, g n (i + j ) = 0 for all j ≥ 0, and thus, we haveĝ n (i ) = 0 by (6) . Suppose next that
Hence, substituting the first case in (8) into (6) giveŝ
where the second equality follows, since n+1−i j = 0 for j > n + 1 − i . This completes the proof.
B. Expected Number of Clusters
A cluster, which is also referred to as a platoon, denotes a set of nodes in which the distance between any two adjacent nodes is less than the transmission range. The number of clusters would be an interesting parameter in a certain type of a VANET. Clustering technology provides efficient and reliable communications in a VANET, as well as an integration of VANET and cellular networks [3] , [4] , by communicating with neighboring nodes, referred to as cluster members. In such cluster-based networks, cluster heads are elected to manage both intra-cluster and inter-cluster communications.
Let C(t) be a random variable denoting the number of clusters in the network at time t. According to the discussion above, a VANET forms k clusters when there are (k − 1) disconnected links in the network. Hence, applying the result in Theorem 1, we can derive the average number of clusters in the network, as shown in Theorem 2.
Theorem 2: Given that N(t) = n, the expected number of clusters in the network is
Since N(t) follows a Poisson distribution, the expected number of clusters in the steady state becomes
Proof: Given N(t) = n, we have C(t) = k with probabilityĝ n (k − 1) for k = 1, 2, . . . , n + 2. Hence,
where the last equality follows, since n+1 i = 0 for i > n + 1. By the law of total probability, the expected number of clusters in the steady state is then derived as
where the second equality follows from (3). This completes the proof. The above theorem can answer the question of how many cluster heads exist in the VANET, when clusters are formed based on connectivity and each cluster has a cluster head. While previous works studied efficient clustering algorithms and their performance, our analysis provides the number of cluster heads, which was not studied in the previous works.
C. Connection Probability of a VANET
When the network forms only a single cluster, the VANET is fully connected. Hence, using Lemma 1 and Theorem 1, we can derive the connection probability of a VANET, as summarized in Theorem 3.
Theorem 3: Given that N(t) = n, the network becomes fully connected with the following probability:
Since N(t) follows a Poisson distribution, the connection probability of a VANET in the steady state is thus obtained by
Proof: According to the definition ofĝ n (·) in (5), we have
Hence, by Theorem 1, we obtain
Since 0 < a ≤ 1, we have a −1 ≥ 0. Thus,
This proves (11) . By the law of total probability, the connection probability of a VANET in the steady state is then derived as P(VANET is connected)
where the second equality follows from (3). This completes the proof. We can interpret the probability (12) in Theorem 3 as the percentage of time that the network is fully connected. For applications, if there exists a data center gathering traffic statistics, such as the average of vehicle arrivals, the long-term average of VANET connectivity can be computed from (12) in Theorem 3. Also, when information on the number of vehicles on the road is available in real time, (11) in Theorem 3 becomes useful for predicting the connectivity of the VANET over time.
D. Critical Network Size
In this section, we derive both the exact and asymptotic formulas for the average critical network size, i.e., the expected number vehicles required for a VANET to be fully connected.
Let N a be a random variable denoting the critical network size, provided that the normalized transmission range a is used. Note that if the event {N a ≤ m} occurs, then a VANET consisting of m vehicles is fully connected. On the other hand, if a VANET with m vehicles is fully connected, then {N a ≤ m}. Hence,
P(N a ≤ m) = P(VANET is connected | N(t) = m).
From (11) in Theorem 3, we also have
Based on the distribution function in (13), we present the closed-form formula for E[N a ] and its asymptotics in the following theorem.
Theorem 4: The average critical network size of a VANET that uses normalized transmission range a is given by
where γ is Euler's constant, 5 and o(1) 6 is a negligibly small number compared to a. Proof: Since N a takes on only non-negative integer values, we obtain the expectation E[N a ] as
which proves (14) . Now, we investigate the asymptotic behavior of E[N a ] as normalized transmission range a approaches zero. By the Taylor series expansion, we have 1 − ja ≈ e − j a for small a. Hence, the summation on the right-hand side of the third equality in (16) becomes
5 Euler's constant γ is defined as γ = lim n→∞ n k=1 1 k − log(n) ≈ 0.57721 [35] . 6 For two real functions f (x) and g(x), we use
implies a small number compared to a. Applying the result in (17) to the third equality in (16) gives
where change of variables with am = x is used in the last equality. It then follows from [36, eqs. (20) and (21)] that
Combining (18) and (19), we have (15) . Applying Theorem 4, we can easily estimate the average number of vehicles required for a network connection under a given set of system parameters. For example, if the distance between adjacent RSUs is 2 km, and the maximum transmission range is 400 m (i.e., a = 0.2), then at least 14 vehicles on average must be moving on the road for the vehicular network to be fully connected (i.e., E[N a ] ≈ 13.3). In that case, the network is composed of 15 links, which are defined as a pair of two contiguous nodes.
V. CAPACITY ANALYSIS OF RANDOM ACCESS IN A VANET
Since IEEE 802.11p employs CSMA/CA as a medium access control (MAC) protocol, links are randomly activated. As in Fig. 4 , if Nodes 2 and 4 are communicating with Nodes 1 and 5, respectively, then Node 3 must be idle. Hence, among N(t) + 1 links, only a random portion of links participates in transmitting data in the VANET at time t, even though the VANET is fully connected at that moment.
We define the network capacity at time t as the summation of all transmitted data at time t. When the wireless bandwidth W is given, and the number of activated links is L at time t, the network capacity is expressed as W L. For simplicity, we assume that W = 1. Then, the expected number of links simultaneously activated by the random access, denoted by E[L], is directly related to network capacity.
In this section, we analyze E[L] as a function of N(t) = n and study its asymptotic behavior as n approaches infinity. In order to focus on the random access effect, our analysis in this section is based on the regime n E[N a ], so that the network is in a connected state. In this case, we have
where N idle is the number of idle nodes that do not 2 ). To characterize the number of idle nodes, N idle , we use the technique applied for solving a packing problem [30] . For k = 0, 1, . . . , N(t) + 1, we let
1 if Node k is idle at time t, 0 otherwise.
Then, the number of idle nodes can be expressed as
where
denotes the probability that Node k is idle at time t, given that there are N(t) + 2 = n + 2 nodes in the network. To compute p n+2 (k), we consider two contiguous segments:
Node k will be idle if and only if the right-most node in the first segment and the left-most node in the second segment are both idle. Accordingly, ifp m+2 (m = 0, 1, . . .) is the probability that the end node in a VANET consisting of m vehicles is idle, i.e.,
In the following, we derive a general expression forp m+2 for m = 0, 1, . . .. To that end, we consider m +2 nodes distributed in a line, and suppose that link
between Nodes i − 1 and i is initially activated. Note the following: (i) this initial configuration is observed with probability . 7 According to [37] , the probability that a node transmits in a randomly chosen slot time is identical in the steady state.
Then, Node m + 1 is idle if the right-end node of the second segment consisting of m + 1 − i nodes is idle. Combining (i)-(iv), we havê
We can rewrite (23) in recursive form aŝ
Sincep 2 = 0 andp 3 = 1 2 , we can solve forp m+2 as follows:
We are now ready to derive the main result of this section. By substituting (22) and (24) into (21) and then using (20), we can obtain the network capacity, as stated in Theorem 5.
Theorem 5: For n E[N a ], the expected network capacity is approximately given by
Proof: Substituting (24) into (22) gives
Note that p n+2 (0) = p n+2 (n) = 0, because the first and the second term in (26) are zero for k = 1, n, respectively. Hence, from (21), we have
Therefore, by substituting (27) into (20), we have
which completes the proof. The result in Theorem 5 indicates that, among n+1 possible links, only 1 2 (n + 2)(1 − e −2 ) − e −2 links are simultaneously activated, i.e., approximately n 2 (1 − e −2 ) for large n. The probability of having i disconnected links for a network consisting of 20 vehicles when the maximum transmission range is R T = 200, 300, 400 m, and the inter-RSU distance is D = 3000 m (i.e., the normalized transmission range is a = 0.067, 0.100, 0.133).
VI. SIMULATIONS
In this section, we examine the connectivity and capacity of a VANET for various system parameters through numerical studies and simulations. The simulation environments used in this section are as follows. We consider a segment of a unidirectional highway between two adjacent RSUs. The distance between the adjacent RSUs is set to D = 3000 m. The vehicle velocity is randomly chosen at between 80 km/h and 110 km/h. We assume that there are two lanes on the highway, and that vehicles maintain their velocities between the adjacent RSUs, even when overtaking other vehicles. The number of vehicle arrivals at the first RSU is modeled as a Poisson random variable, and the vehicle arrival rate λ is set to 30 vehicles per minute.
We developed a simulator using MATLAB, and Monte Carlo simulations were performed according to the simulation environments. We ran 10,000 simulations with different random seeds for each case, and averaged the results. Such simulation results, denoted as Simulation in each figure in this section, are compared with analytical results from the driven equations. If the analytical results are obtained from our exact formula, the results are denoted as Analysis. If the analytical results are obtained from our approximation formula, then the results are denoted as Approximation.
A. Connectivity
We first investigate the connectivity of a VANET from various aspects: i) probability distribution of the number of disconnected links, ii) average number of clusters, and iii) probability that the VANET is fully connected for a given number of vehicles. Note that, if we are given information on the number of vehicles at a particular time, i.e., the value of N(t), these three metrics on connectivity are readily characterized by normalized transmission range a (= R T D ), as shown in Theorems 1, 2, and 3. In our study, we vary the maximum transmission range of each vehicle as R T = 200, 300, 400 m, so that the corresponding normalized transmission range is a = 0.067, 0.100, 0.133. Fig. 5 shows the probability mass functionĝ n (·) for the number of disconnected links between the RSUs when the number of vehicles is n = 20. The graphs denoted as Analysis in Fig. 5 are obtained from (7) . From the figure, we can see that the distribution is skewed to the right for each normalized transmission range a. In addition, the peak of each curve moves to the left as a increases, meaning that the larger the normalized transmission range, the more likely it is to have fewer clusters in the VANET. Fig. 6 details the average number of clusters between the adjacent RSUs when the number of vehicles is n = 0, 1, . . . , 70. The graphs denoted as Analysis in Fig. 6 are obtained from (9) . There are two clusters when n = 0, since each RSU constitutes a cluster. As the number of vehicles increases, the average number of clusters increases and then decreases, converging to 1 eventually. Hence, the result in Fig. 6 indicates that the number of clusters is always bounded above, and has a maximum. In the integration of a VANET and a cellular network [3] , [13] , the cluster heads play the role of mobile gateway between the VANET and the cellular network [14] . Hence, the expected number of cluster heads can help to estimate the required capacity and to reserve resources for interworking the VANET with the cellular network. In practice, due to mobility randomness, the number of vehicles between two adjacent RSUs is timevarying. If the number of vehicles is equally likely observed at between 50 and 70 vehicles with a 200 m transmission range, from Fig. 6 and the law of total probability, we can predict that the average number of clusters can be roughly estimated at around two during the observation. Fig. 7 shows that the connection probability increases as the number of vehicles increases, and saturates at a certain system size. The graphs denoted as Analysis in Fig. 7 are obtained from (11) . The connection probability can be interpreted as the time portion of network connection during observation. Hence, combining the results of Figs. 6 and 7 gives us detailed information on the statistical properties of network connectivity as follows. If a VANET is composed of 60 vehicles with a 200 m transmission range (i.e., a = 0.067), the network will be fully connected only 31.89% of the time (from Fig. 7 ) and will be segmented into two clusters on average (from Fig. 6 ). In addition, network connectivity can be improved as normalized transmission range a increases for each fixed number of vehicles. For example, when the 60 vehicles have a 400 m transmission range (i.e., a = 0.133), the probability of network connection increases to 98.86% from Fig. 7 , and the average number of clusters becomes 1.01 from Fig. 6 . The single cluster of the VANET implies that the network is fully connected most of the time.
Our findings from (9) can apply for multiple RSUs as well, under the assumptions that vehicle arrivals at the first RSU follow a Poisson process and that vehicle velocities chosen randomly at the first RSU are maintained until the last RSU. When N RSU (≥ 2) RSUs are involved, there are (N RSU − 1) segments separated by intervening RSUs. Hence, by separately considering each segment and combining the results, our findings can be extended to such cases. Since (N RSU − 2) clusters including the intervening RSUs are counted twice at two adjacent segments, (N RSU − 2) should be subtracted from the sum of the numbers of clusters individually counted in each segment. For example, if there are l j disconnections (i.e., (l j +1) clusters) in each segment j ∈ {1, 2, . . . , N RSU −1} at time t, then the number of clusters in the network, C(t), can be expressed as
B. Average Critical Network Size
We next investigate the average critical network size, E[N a ], between two adjacent RSUs. Fig. 8 shows the results when the maximum transmission range varies from 100 m to 1500 m (i.e., a varies from 0.033 to 0.5). In the figure, the expectation estimated from our exact formula (14) is denoted as Analysis, and the graph denoted as Approximation shows our asymptotic formula (15) when o(1) = 0. As shown in Fig. 8 , the average number of vehicles, E[N a ], required for network connection increases on the order of 1 a log 1 a as normalized transmission range a decreases. We also observe that the results obtained by simulation, analysis, and approximation are almost identical. When ratio a is small, the analytical results from (14) deviate from the other results because the combinatorial term of (14) is too large to be included in the simulation, and we consider only a finite number of vehicles in the computation of the infinite series.
As the number of vehicles increases, the network begins a phase transition from a disconnected phase to a connected phase at the critical network size. The critical network size is a function of normalized transmission range a for a given network configuration, and follows 1 a log 1 a + log log 1 a + 0.5772 approximately. For example, when a = 0.1, the average critical network size is 37. However, if a is halved, i.e., the maximum transmission range is reduced to half of the given condition, or the inter-RSU distance doubles, then the critical network size increases to 94 vehicles, which is greater than the reciprocal of the transmission range reduction.
C. Expected Number of Active Links
To study network capacity, we examine the expected number of simultaneously activated links in a vehicular network as the number of vehicles between the RSUs increases from n = 20 to n = 120. Fig. 9 shows the results for a = 0.1, 0.15, 0.2, where the graph denoted as Approximation is obtained from (25) . From the figure, we observe that, as the number of vehicles increases, the number of active links linearly increases with slope of links are simultaneously activated, and the resulting network capacity becomes 0.432n. In Fig. 9 , there is a gap between the results of the simulation and the analysis for a small n. The difference is larger for a smaller a, and becomes zero as n increases. The reason is as follows. Our analysis focuses on the regime n E[N a ], so that the network is in a fully connected condition, and link activation is ruled only by a random access scheme. However, when the network consists of a small number of vehicles, link connectivity (as well as random access) affects link activation, since a disconnected link cannot be activated. Such an event can occur more often for a smaller a, yielding a larger gap, as shown in Fig. 9 .
D. Effect of Velocity Changes on Connectivity
Vehicle mobility pattern is one of the major factors that govern the connectivity of a VANET. In this section, we investigate the effect of average velocity changes on the connectivity of a VANET between two adjacent RSUs.
Let μ(t) be the average velocity of a vehicle arriving at time t. We assume that μ(t) changes over time t according to Fig. 10 . Each vehicle arriving at time t is assigned a randomly chosen velocity between (μ(t) − 20) km/h and (μ(t) + 20) km/h, and maintains its assigned velocity while moving on the highway segment between two adjacent RSUs (i.e., for approximately one to three minutes, since the inter-RSU distance is D = 3000 m). 8 Figs. 11 (a) and (b) show how the average number of clusters, and the connection probability, change when the average velocity varies with time according to Fig. 10 . The graphs denoted as Analysis in Figs. 11 (a) and (b) are obtained from (10) and (12), respectively. From the figures, we have the following observations and interpretations: (i) As the average 8 In most general cases, the vehicle velocity can vary with time as the vehicle moves along the highway. It has been shown that if vehicle velocities change over time according to a wide-sense stationary random process, the steadystate distribution of vehicle locations is the same as when vehicle velocities are constant over time [11] , [38] . velocity increases, the average number of clusters increases, and the connection probability decreases. This observation indicates that high-speed highways are more prone to disconnection than low-speed highways. Note that, in Section III, we showed that the spatial distribution of vehicles at any given time t is Poisson with the spatial density λ d = λE[V −1 ] (see Equation (2)). Hence, for a fixed arrival rate λ, smaller μ(t) results in a more dense network (having more vehicles), which in turn leads to improving the connectivity, as shown in Figs. 6 and 7. (ii) The amount of increase or decrease in Figs. 11 (a) and (b) becomes prominent for shorter transmission range R T . That is, the shorter the transmission range, the connectivity becomes more sensitive to velocity changes. Hence, using a longer transmission range can help to stably sustain network connectivity over time against velocity changes. (iii) In the worst case (i.e., R T = 200 m), the connection probability is in the range from 0.15 to 0.55 with 1.7 to 2.7 clusters on average. The connectivity can be noticeably improved by increasing the transmission range from R T = 200 m to R T = 300 m; the network is in a fully connected state for at least 4 out of 6 hours with 1 to 1.3 clusters on average.
VII. CONCLUSION AND FUTURE WORK
In this paper, we analyze properties of a vehicle-to-vehicle network with a random topology. To that end, we model a one-dimensional random topology network with geometric elements, such as line segments and points. Using theory from geometric probability, we analyze properties of such a vehicular network not only in a disconnected phase but also in a connected phase. For a given number of vehicles, our analysis provides the probability that the network is connected, as well as the expected number of clusters that the network forms. Moreover, our analysis shows that the average number of vehicles needed for the network to be fully connected is approximately When CSMA/CA is adopted as a random access scheme, then each packet between RSUs has 2e 2 e 2 −1 n slot times. We verified our analysis through simulations.
Our findings focused on a VANET between two adjacent RSUs on a unidirectional highway under the assumption that the maximum transmission range is deterministic. However, due to wireless channel randomness, such as shadowing and fading, the transmission range has randomness, which affects the properties of network connectivity. Interference among transmissions and unevenly distributed-traffic congestion may affect the network connectivity as well. Bidirectional traffic induces a different network topology than unidirectional traffic. The analysis of a VANET between multiple RSUs with time-varying vehicle velocities requires other mathematical approaches, since the location of a vehicle is no longer linear with time. The analyses extending to the above assumptions are left open for future work.
